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Motivations Why DFPT?

Density Functional Perturbation Theory
Why?

A general expression for the free energy

−g(E,H,η) = −g0 + P(s)
i Ei + M(s)

i Hi +
1
2
ε0εikEi Ek +

1
2
µ0µikHi Hk + αikEi Hk +

+
1
2
βijkEi Hj Hk +

1
2
γijkHi Ej Ek + ...

The derivatives at the first order

Fk(E,H,η) =
∂g
∂τk

; P(s)
k (E,H,η) =

∂g
∂Ek

; k, j = x, y, z

M(s)
k (E,H,η) =

∂g
∂Hk

; σk,j(E,H,η) =
∂g
∂ηk,j
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The derivatives at the second order
∂2g

∂ → ∂ ↓
τ E η H

τ IFC Z∗ γ Z∗M

E ε∞ e α∞

η c Me

H χM

IFC : Interatomic Force Constant
Z∗: Born effective charge
γ: int. strain coupling
Z∗M: Magnetic effective charge
ε∞: dielectric constant
e: piezoelectric constant
α∞: magneto-electric t.
Me: Magnetoelastic constant
χM: Magnetic susceptibility
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Motivations Why Non-Collinear Magnetism?

Accounting for Non-collinear Magnetic effects
Why?

Multiferroic Materials

FERROMAGNETIC
metal

FERROELECTRIC
insulator

Ricci, Bousquet Non-collinear magnetism in Abinit for DFPT Abidev2017 3 / 10



Motivations Why Non-Collinear Magnetism?

Accounting for Non-collinear Magnetic effects
Why?

Multiferroic Materials

WEAK CANTING
insulator

FERROELECTRIC
insulator

Ricci, Bousquet Non-collinear magnetism in Abinit for DFPT Abidev2017 3 / 10



Non-collinear density matrix ρ̂ General representation of ρ̂

Density matrix ρ̂
Non-Collinear magnetism: an undefined global quantisation axis of the magnetisation

Ground-State (0) density matrix in real space

ρ̂(0) = |ψ(0)〉 〈ψ(0)| in the spin representation

ρ̂
(0)
α,β = 〈α|ψ(0)〉 〈ψ(0)|β〉 with |α〉 , |β〉 =↑, ↓

ρ(0) =

 ψ
(0)
↑ ψ

(0)∗
↑ ψ

(0)
↑ ψ

(0)∗
↓

ψ
(0)
↓ ψ

(0)∗
↑ ψ

(0)
↓ ψ

(0)∗
↓

 =

=
1
2
[ρ δαβ + m · σj] = with j = x, y, z

=
1
2

(
ρ+ mz mx − i my

mx + i my ρ− mz

)
.
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Non-collinear density matrix ρ̂ General representation of ρ̂

Density matrix ρ̂
Non-Collinear magnetism: an undefined global quantisation axis of the magnetisation

1th order λ perturbed density matrix in real space

ρ̂(1) =
∂

∂λ

(
|ψ(0)〉 〈ψ(0)|

)
=

= |ψ(1)〉 〈ψ(0)|+ |ψ(0)〉 〈ψ(1)| in the spin representation

ρ̂
(1)
αβ = 〈α|ψ(1)〉 〈ψ(0)|β〉+ 〈α|ψ(0)〉 〈ψ(1)|β〉 with |α〉 , |β〉 =↑, ↓

ρ(1) =

 ψ
(1)∗
↑ ψ

(0)
↑ + ψ

(0)∗
↑ ψ

(1)
↑ ψ

(1)
↑ ψ

(0)∗
↓ + ψ

(0)
↑ ψ

(1)∗
↓

ψ
(1)
↓ ψ

(0)∗
↑ + ψ

(0)
↓ ψ

(1)∗
↑ ψ

(1)∗
↓ ψ

(0)
↓ + ψ

(0)∗
↓ ψ

(1)
↓

 =

=
1
2

[
ρ(1) δαβ + m(1) · σj

]
= with j = x, y, z

=
1
2

 ρ(1) + m(1)
z m(1)

x − i m(1)
y

m(1)
x + i m(1)

y ρ(1) − m(1)
z

 .
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Non-collinear density matrix ρ̂ A collinear way to estimate a non-collinear XC-potential from the density

The Abinit DFPT: from the density matrix ρ̂(1) to the xc-potential
A local quantisation axis of the magnetisation density
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Non-collinear density matrix ρ̂ Searching for a local magnetisation quantisation axis

Searching for a local magnetisation quantisation axis
How Abinit locally treats a ground state density in real space

Ground State quantisation axis direction∑
αβ

U†(0)
iα ρ

(0)
αβ U(0)

βj = ρ
(0)
i δij

U(0) is the spin-1/2 rotation matrix

n(0)
↑,↓ = ρ± m

m =
√

m2
x + m2

y + m2
z
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Non-collinear density matrix ρ̂ Searching for a local magnetisation quantisation axis

Searching for a local magnetisation quantisation axis
How Abinit locally treats a perturbed density in real space

1th order quantisation axis direction∑
αβ U†iα ραβ Uβj = ρiδij∑

αβ

(
U†(0)

iα + λU†(1)
iα

) (
ρ
(0)
αβ + λρ

(1)
αβ

) (
U(0)
βj + λU(1)

βj

)
=
(
ρ
(0)
i + λρ

(1)
i

)
δij

- unitarity of U(0)

- unitarity of
(

U(0) + λU(1)
)

- analogous GS equation

- neglecting higher order terms∑
α U†(1)

iα U(0)
αj

(
ρ
(0)
j − ρ

(0)
i

)
+
∑
αβ U†(0)

iα ρ
(1)
αβU(0)

βj = ρ
(1)
i δij(

0 4

4∗ 0

)
+

(
� −4

−4∗ �

)
=

(
� 0

0 �

)
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Non-collinear xc-potential Vxc A(n) (in)complete tranformation

Estimation of the 1th order xchange-correlation potential
A(n) (in)complete tranformation

Recovering the original direction on the local xc-potential(
0 4

4∗ 0

)
+

(
� −4

−4∗ �

)
=

(
� 0

0 �

)

Vαβxc

(
ρ
(0)
αβ + λρ

(1)
αβ

)
=
∑

i

(
U(0)
αi + λU(1)

αi

)(
V(0)

i + λV(1)
i

)(
U†(0)

iβ + λU†(1)
iβ

)

Vαβ(1)
xc =

∑
i

[
U(0)
αi V(0)

i U(1)†
iβ + U(1)

αi V(0)
i U(0)†

iβ + U(0)
αi V(1)

i U(0)†
iβ

]

Ricci, Bousquet Non-collinear magnetism in Abinit for DFPT Abidev2017 7 / 10



Non-collinear xc-potential Vxc A(n) (in)complete tranformation

Estimation of the 1th order xchange-correlation potential
A(n) (in)complete tranformation

Recovering the original direction on the local xc-potential(
0 4

4∗ 0

)
+

(
� −4

−4∗ �

)
=

(
� 0

0 �

)

Vαβxc

(
ρ
(0)
αβ + λρ

(1)
αβ

)
=
∑

i

(
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)(
V(0)

i + λV(1)
i

)(
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∑
i
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U(0)
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i U(1)†
iβ + U(1)

αi V(0)
i U(0)†
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αi V(1)
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]

As a first approximation we used just the last term
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Non-collinear xc-potential Vxc A(n) (in)complete tranformation

Application on Cr2O3
A collinear antiferromagnet as a test case for non-collinear DFPT

FROZEN TOTAL

FD DFPT FD DFPT

x, y, z
m‖ z 23201.036772 23204.0723534 7.71138685414 7.711369006

m‖ x 23201.036746 23204.0723507 7.71138847221 7.779709388
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Non-collinear xc-potential Vxc A(n) (in)complete tranformation

Application on Cr2O3
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Correctly working for diagonal density matrices!(
0 4

4∗ 0

)
+

(
� −4

−4∗ �

)
=

(
� 0

0 �

)

The U(0) matrix gives an incomplete estimation of the
off-diagonal elements
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Non-collinear xc-potential Vxc A(n) (in)complete tranformation

Estimation of the 1th order xchange-correlation potential
A complete tranformation

We need U(1) to correctly obtain the V(1)
xc off-diagonal terms

Local density matrix diagonalisation:∑
α

U†(1)
iα U(0)

αj

(
ρ
(0)
j − ρ

(0)
i

)
+
∑
αβ

U†(0)
iα ρ

(1)
αβU(0)

βj = ρ
(1)
i δij

Local non-collinear xc-potential:

Vαβ(1)
xc =

∑
i

[
U(0)
αi V(0)

i U(1)†
iβ + U(1)

αi V(0)
i U(0)†

iβ + U(0)
αi V(1)

i U(0)†
iβ

]
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Conclusions

Conclusions

1 GS and perturbed density matrix formalisms.
2 The way Abinit handles the non-collinear density-to-xc-potential calculation.
3 The locally collinear approximation works (untill now) for systems with

collinear magnetic moments (along z).
4 We are working to get the full non-collinear xc-potential estimating explicitly the

effect of the U(1).

Perspectives
1 Extend the formalism for q 6= 0.
2 SOC?
3 Extend the formalism for PAW.
4 Full non-collinear xc functional?
5 Perturbation with magnetic field.

Next talk: application of a Zeeman magnetic field in DFPT

Thank you very much for your kind attention!
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