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Density Functional Theory

*  Total energy and density as a function of Kohn-Sham wavefunctions

Eel = 2 <\|IOC|T+‘/=|“|IOC> +Ech [p]

o,0cc

p(F) = X Yo () Wo(F)
o,occ
Either : solve Kohn-Sham equations self-consistently

or : minimize E , (variational !) under orthonormalization constraints.




Density - Functional Perturbation Theory

Many physical properties are derivatives of the total energy
(or a suitable thermodynamic potential) with respect to perturbations.
Let us consider the following perturbations :
e atomic displacements (phonons)
e dilatation/contraction of the primitive cell
e homogeneous external field (electric field ...)
Derivatives of the total energy (electronic part + nuclei-nuclei interaction) :

Ist order derivatives : forces, stresses, dipole moment ...




Perturbations

*  Variation of energy and density around a fixed potential

Ea(M) = 3 (wa(M[T+L (M) wo (M) + Enee[p(M)]

o,occ

PFA) = X W (F:h) yo (F3A)

o, 0cc
* Perturbations (assumed known through all orders)

D (W)= VO 4+ WD 4 A0 4

i.e. : to investigate phonons, the parameter of the perturbation
governs linearly the nuclei displacement, but note that the change of
potential is non-linear in this parameter.




More perturbations ...

*  Dilatation / Contraction
r ‘OL = % 80([3 T’B
SOCB = o =F A‘\‘ASOLB

small parameter

x« O

_—~_of another perturbation
9q




Total energy changes
E=EY + \EW + ME® + ...

2nd order derivatives : dielectric susceptibility
elastic constants
dynamical matrix

=Linear - response theory : Baroni, Giannozzi, Testa, Phys. Rev. Lett. 58, 1861 (1987)

3 order derivatives : non-linear responses




How is it possible to get energy derivatives ?

*  Finite Differences

Compare E {l|f; Vm} and E' {\|I'; V'ext}
‘Direct” Approach  (Frozen phonons ...)

[Note problem with commensurability]

* Hellman - Feynman theorem (for E)

3 _




General framework of perturbation Theory
£ A(M)=A? + 24D 42247 42349

* E{y; V,,}

Hypothesis : we know V. (A)= V9 + Av L 3°vE 4

ext ext ext

through all orders, as well as YO n@ EO




Perturbation theory for ordinary quantum mechanics

(ﬁ -€,) |I|Ia> =0 (Schrodinger equation)

(Wu |\|!a> =1 (normalisation condition)

<\|Ioc|ﬁ' 80c|\|[oc> =0

or g, = (wa|ﬁ |\pa> (expectation value)




Perturbation expansion of the Schrodinger Equation
Suppose  HA) |y, (1)) =, |w, (1))  valid for all A

with [ A) = HO + A AV
Vo) =y + Ay + A%y +
g, (A= + 1) 4 212V ¢ .

One expands the Schrodinger equation:
W9>+A@§DW9>+Q©V£»)+ﬂ(ﬁm

0 0 0 1 2 2
- &0 yO) + 0y ) 27 (e

)

1 70
W9>+Hm

0 1
yi) + el

1//1(12)>) + ...
V) + e

V) (s

wr(lz)>)+




Perturbation expansion of the normalisation condition

If VA (v,D|y,A) =1
with v, (1) = y© + Ay + 22?4

With the same technique than for the Schrodinger equation, one deduces

(v

(vt

1//1(10)> no surprise ...
V) + (ylui) =0




Hellmann & Feynman theorem : &'

Starting from the first-order Schrodinger equation
N 0 (0 1 D |,,0 0 1
O [y ) + B0 [y0) = e [y 0) + £ [y)

Premultiplication by <l//1(10)

0|y [,,© 0[O, D) [, 0], © 0) /O] ,,.(1
(O AL ) + (p2 RO ) = (O] ) + 2y
Il =1
0)] ~(0
Wl ! )
— —=
So : ell) = <1//r(10) AD 1//1(10)> = Hellmann & Feynman theorem

Notes : * %(10) and HY are supposed known




The second order derivative of total energy gl?)

Starting from the second-order Schrodinger equation

1 2 2|, (0 nl, @ 0
120 Wr(1)>—()Vfr(1)>+8()W1(1)>+8()

l/,1(]1>> L A©

V)

Premultiplication by <l//1(10)

8&2) < (0)|H(1) (1) |W(1)>

- Sflavlvg) (o)

2) - 1




In search of (D

n

Again the first-order Schrodinger equation :

O [y ©) +H<0>=gn ) 4 81<10)

known known
Terms containing ‘1//(1)> are gathered :

(H(O) _ 81(10))= _ (ﬁ(l) _ 81(11)) ‘w(0)>

(called Sternheimer equation)

Equivalence with the matrix equation (systeme of linear equations)
A.x=y




Sum-over-states solution of the
Sternheimer equation

o . (0) ‘W(1)> (H(l) (1)) ‘w(0)>

Define the complete orthonormal basis associated to H©

(O such that AO[y®) = £0 [©)

Représentation of the Sternheimer equation in this basis

ER

yi)

y) = 5. |1/,<o>>}




Sum-over-states solution of the
Sternheimer equation (II)

0 0 1 0) [y(1 0 1
(€9 -e9) c =- (WO [RO|y®) + 6,

() Form=n, 0.c{)=-(yQ[HO|yD) +eD

=0 due to Hellmann & Feynman theorem

=> C\I" undetermination

(2) Form #n, sl efﬂ) - 81(10) # 0 (non degenerate case)

O) | g {4,




The 1%t order derivative of the wavefunctions

(1) (H(O) (0)) |\|’(1)> — (H(I) (1)) |\|I(0)>
(Sternheimer equation)
Should be inverted to find ‘\If(] )>
Operator (H?- (0)) is singular
=> projection on subspace L to |\|I(0)>

2) P (H?-¢p |\|,(1)>_ P, H(I)|\|f(0)>




The computation of 8( ) ()

*  Starting from (now we consider higher-order contributions for the Hamiltonian again)

(HO- (0))|1|,(3)>+ (B (1))|W(2)>+ (HO- (2))|\If(])>+ (BO- (3))|W(0)> 0

Premultiply by <ng0 ) | gives

A




The computation of 8(3) (I)

* However, the perturbation expansion of 0 = <\pa ‘PAI € ‘\pa> at third order gives:

O] 3 &B)
o

- (w2 v
< O g2 8(2) (1)>
(i |- i
i -2 i

)| 2 2 0
+< (|2 ¢ llffx)> < ;
|G 1 1
+< | GO gD \lf&)> < ;
+< (| O g0 \lfff)>

0 ]

7O (0) ‘\II(O)>

0| GO gD

0| (O g0

It can be seen that the sum of terms in a row or in a column vanishes ! (Exercice !)
We get rid off the two last columns and the two last rows, rearrange the equation, and get:

(3) < ( (0)> < ¢ (0)>
< ( (1)> < ¢ (1)‘W(])>

D IERG used<\|l(0)‘\|l(0)> — ] and < (0)‘\I’(1)> < (1)‘W(0)> 0]

A wff) 1s not needed in this formula
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Variational Principle for the lowest &
(Hylleraas principle)

(0)> +<\|, (0)‘\P(])> <W
with the following constraint on Yyt :
< (0) |I|I(])> < (1) |\|I(0)>

It allows to recover Sternheimer’s equation :

0
Sy

el

)

=mini{v

[..]=0 + aLlagrange multiplier

A A




Perturbation of a variational principle (I)

E® {wé?)} variational
gD { (0)} (Hellman -Feynman) non-variational

E® {Wg))’wg)} "
{

0).4,,D. (2)} "

3
EV Vo iWo' Vo

Is it the best ?

* Let us suppose that we know the correct wavefunctions () through order An-!

@: Vopr + 0(7\';1) where VY, = \|f(0)+ 7‘«\|f(])+ ...+7\,n-]1|j(n'])

* Variational property of the energy functional
E{Wyia +OM} = E{Y,1 } +O(M%)
“ Set Wit = Wuy s N=A"
E{v,.} = E{w} + 00"
= the knowledge of y, ; gives E up to order A?"/

= the knowledge of y, gives E up to order A2"+/
‘2n+1 theorem’

Density Functional Perturbation Theory
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Perturbation of a variational principle (II)

* If the variational principle is an external principle
[ the error is either >0 - minimal principle -
or <0 - maximal principle - ]
the leading missing term is also of definite signe = also an extremal principle

To summarize :

EY {\pg?)} variational
D (0)}

E® { g? ),\|I 2)} variational with respect to \p(l)
E(s) {

0 1
yOyl |

0). vy Dy (2) 0 : (2)




Basic equations in DFT

DFT | Minimize o {wa} = %(\pa ﬁ+ﬁ|wa>+Ech[p]

occ
\

with  p(F) = X W, (), (F)

( under constraint <\|IOc |\|IB> = Oup




Basic equations in DFPT

DFPT

Minimize wrt y:
f Eﬁf){\vu);\v(o)} =‘§< (| O (0)|\V(D> < g

a<a &)Y

< + L] g o0 F) o) dF dF

(0)>

(0)>

Op(F)op(7")

occ

o p(])(r) _ Z\If(]) (r)\|l(0)(r) +\|I(0)* (r)\lf(])(”)




Order of calculations in DFPT
(for linear-response)

(1) Ground-state calculation
0) 0) (0)
Voiw — Wy » R

ext

(2) Do for each perturbation j,

e usey? @

JI 1 il - L
o Via & Vo, n us1ngim1n1rmzatlon of second-order energy
or
Sternheimer equation

Enddo




Example : 1-dimensional diatomic linear chain [only I' phonons]

B A B A B A B A
® ® @) ® ® ® @) ®
ph, — — — —
phy — — N — —>
E E . r
o < — «— . - - - —
(coordinate dilatation)
(2) Get P P8 yE S for all bands, self-consistently

(3) Get Ei'22 | ph, ph, E o

h anal anal *




Treatment of phonons : factorization of the phase

* Suppose the unperturbed system is periodic
VOF+R) = VOF)
* If the perturbation is characterized by a wavevector :
VOFER,)) = 9% v D7)
all the responses, at linear order, will also be characterized by a wavevector :
nDFE+R,) = 4Fa D7)
W (PR, = SRy ()

*  Now, we define related periodic quantities




